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SUBORDINATION FOR SEQUENTIALLY EQUICONTINUOUS
EQUIBOUNDED C0-SEMIGROUPS
KARSTEN KRUSE, JAN MEICHSNER, AND CHRISTIAN SEIFERT
Abstract. We consider operators A on a sequentially complete Hausdorff
locally convex space X such that −A generates a (sequentially) equicontinuous
equibounded C0-semigroup. For every Bernstein function f we show that
−f(A) generates a semigroup which is of the same ‘kind’ as the one generated
by −A. As a special case we obtain that fractional powers −Aα, where α ∈
(0, 1), are generators.
1. Introduction
In this paper we aim to generalise subordination of bounded C0-semigroups from
the well-known case of Banach spaces to sequentially complete Hausdorff locally
convex spaces.
The theory of C0-semigroups on Banach spaces is by now a classical topic, see
e.g. the monographs [9, 11, 15, 17, 29]. It has been generalised to locally convex
spaces in various contexts in [38, Chapter IX] and [6, 10, 13, 18, 19, 22, 24]. Since
on these spaces continuity and sequential continuity may differ we work with the
(weaker) notion of sequential (equi-)continuity as in [13].
Subordination (in the sense of Bochner) for bounded C0-semigroups on Banach
spaces describes a technique to associate a new semigroup to a given one by inte-
grating orbits against a convolution semigroup of measures. It plays an important
role in operator theory, functional calculus theory and stochastic processes, see e.g.
[2, 31, 33]. As is well-known (see also Proposition 4.6) these convolution semigroups
of measures correspond via Laplace transform to the class of Bernstein functions,
cf. the monograph [34]. It turns out that the generator of the subordinated semi-
group can be described by means of the Bernstein function and the generator of
the original semigroup [31, Theorem 4.3].
Although the framework of C0-semigroups on Banach spaces yields a rich theory
as described above, for example even the classical heat semigroup on Cb(R
n) does
not fit in this context, however can be treated in our generalised setting; cf. Example
5.15 below.
Let us outline the content of the paper. In Section 2 we review the Pettis-
integral which provides a suitable integral in our context of locally convex spaces,
in particular those satifying the so-called metric convex compactness property, see
Theorem 2.2 below. The theory of locally sequentially equicontinuous, equibounded
C0-semigroups on sequentially complete Hausdorff locally convex spaces can be de-
velopped analogously to the classical theory of C0-semigroups on Banach spaces,
apart from the fact that the continuity properties need to be described by se-
quences. We collect the facts needed in Section 3. We then turn to subordination
in this context in Section 4. After introducing Bernstein functions, the right class
of functions for this purpose, we develop the theory of subordination in our gen-
eralised setting. It turns out that the subordinated semigroup is again a locally
sequentially equicontinuous, equibounded C0-semigroup (see Proposition 4.9) and
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that its generator can be related to the one of the original semigroup (see Theo-
rem 4.14 and Corollary 4.17). These are our main abstract results. We will then
apply these results to bounded bi-continuous semigroups (as introduced in [25]) in
Section 5. In particular, the above-mentioned classical heat semigroup, also called
Gauß-Weierstraß semigroup, on Cb(R
n) fits into this context.
2. Integration in locally convex spaces
In this section we review the notion of the Pettis-integral.
Definition 2.1 (Pettis-integral). Let (Ω,Σ, µ) be a measure space and X be a
Hausdorff locally convex space. A function f : Ω → X is called weakly (scalarly)
essentially measurable if the function 〈x′, f〉 : Ω → K, 〈x′, f〉(ω) := 〈x′, f(ω)〉 is
essentially measurable (i.e. it has a measurable representative) for all x′ ∈ X ′. Here
X ′ denotes the topological dual space of X and 〈·, ·〉 is the canonical pairing. A
weakly essentially measurable function is said to be weakly (scalarly) integrable if
〈x′, f〉 ∈ L1(Ω, µ). A weakly integrable function f is called (µ-Pettis-) integrable if
∃x ∈ X ∀x′ ∈ X ′ : 〈x′, x〉 =
∫
Ω
〈x′, f(ω)〉µ(dω).
In this case x is unique due to the Hausdorff property and we set∫
Ω
f(ω)µ(dω) := x.
Recall that a locally convex space X is said to have the metric convex compact-
ness property if for each metrisable compact subset C ⊆ X also the closed convex
hull cxC of C is compact. Note that if X is sequentially complete and locally
convex, then X has the metric convex compactness property by [36, Remark 4.1.b].
Theorem 2.2 ([36, Theorem 0.1]). Let X be a Hausdorff locally convex space.
Then the following are equivalent.
(a) X has the metric convex compactness property.
(b) If Ω is a compact metric space, µ a finite Borel measure on Ω and f : Ω→ X
continuous, then f is µ-Pettis-integrable.
If X is a Hausdorff locally convex space with metric convex compactness prop-
erty and µ a positive and finite Borel measure on [0,∞), then by Theorem 2.2 every
continuous function f : [0,∞)→ X is µ-Pettis-integrable over every compact inter-
val [a, b] ⊆ [0,∞) with 0 ≤ a < b. In this case we can construct the Pettis-integral
explicitly by using Riemann sums. Therefore, fix 0 ≤ a < b and for n ∈ N let
(a = x
(n)
0 , . . . , x
(n)
kn
= b) be a partition of [a, b] such that maxk(x
(n)
k − x(n)k−1) → 0,
and {ξ(n)i | ξ(n)i ∈ (x(n)i−1, x(n)i ], i ∈ {1, . . . , kn}} a corresponding set of intermediate
points. Then∫
[a,b]
f(λ)µ(dλ) = lim
n→∞
kn∑
i=1
f
(
ξ
(n)
i
)
µ
(
(x
(n)
i−1, x
(n)
i ]
)
+ f(a)µ
({a}).
If f is additionally bounded, we can also integrate f with respect to µ over the
entire interval [0,∞).
Lemma 2.3. Let X be a sequentially complete Hausdorff locally convex space,
f ∈ Cb([0,∞), X) and µ a finite Borel measure on [0,∞). Then f is µ-Pettis-
integrable.
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Proof. By the above we can integrate f over every compact interval. Consider the
sequence (xn) defined by
xn :=
∫
[0,n]
f(λ)µ(dλ) (n ∈ N).
Let n,m ∈ N, m < n. For every seminorm ‖·‖p of the family of seminorms gener-
ating the topology of X we have
‖xn − xm‖p ≤ ‖f‖∞ µ
(
(m,n]
)
,
implying that (xn) is a Cauchy sequence. Since X is sequentially complete, (xn)
is convergent. Let x := limn→∞ xn. Then the equation x =
∫
[0,∞) f(λ)µ(dλ) is
verified by a direct calculation. 
Remark 2.4. Let X be a Hausdorff locally convex space, 0 ≤ a < b, f : [a, b]→ X
Pettis-integrable with respect to the Lebesgue measure. Then F : [a, b]→ X defined
by
F (t) :=
∫
[a,t]
f(λ) dλ
is absolutely continuous on [a, b]. Moreover, if f is right- and left-continuous at t,
then F is right- and left-differentiable at t with right- and left-derivative given by
f(t), respectively.
3. Locally Sequentially Equicontinuous Semigroups
Let X be a Hausdorff locally convex space. The system of seminorms generating
the topology will be denoted by (‖·‖p)p∈P . W.l.o.g. we may assume that (‖·‖p) is
directed.
Definition 3.1. A semigroup (Tt)t≥0 of linear operators defined on X is said to
be
(a) a C0-semigroup if ∀x ∈ X : lim
t→0+
Ttx = x,
(b) locally sequentially equicontinuous if for all sequences (xn) in X such that
xn → 0, t0 > 0, p ∈ P one has lim
n→∞
sup
t∈[0,t0]
‖Ttxn‖p = 0,
(c) locally equibounded if for all bounded sets B ⊆ X , t0 > 0 and p ∈ P one
has sup
x∈B
t∈[0,t0]
‖Ttx‖p <∞.
We drop the word ‘locally’ if the properties (b) and (c) hold uniformly on [0,∞).
Remark 3.2. If (Tt) is a (locally) sequentially equicontinuous semigroup, then (Tt)
is (locally) equibounded ([13, Propositions 3.10 (iii)]).
Let (Tt) be a locally sequentially equicontinuous, equibounded C0-semigroup on
X . As in the case of C0-semigroups on Banach spaces we define the generator A of
(Tt) by
D(A) := {x ∈ X | lim
t→0+
1
t (Ttx− x) exists
}
,
Ax := lim
t→0+
1
t (Ttx− x) (x ∈ D(A)).
Let ρ0(A) ⊆ C be the set of all elements λ ∈ C such that the operator λ−A has a
sequentially continuous inverse (note that we allow for complex values here).
Let us collect some basic facts for (Tt) and A.
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Lemma 3.3 (see [13, Propositions 3.21, 3.23, Theorem 3.27, Corollary 3.28 and
Corollary 3.29]). Let X be a sequentially complete Hausdorff locally convex space,
(Tt) a locally sequentially equicontinuous, equibounded C0-semigroup on X with
generator A. Then
(a) D(A) is sequentially dense in X,
(b) for x ∈ D(A) we have Ttx ∈ D(A) for all t ≥ 0, t 7→ Ttx is differentiable
and ddtTtx = ATtx = TtAx for all t ≥ 0,
(c) (0,∞) ⊆ ρ0(A) and
(λ−A)−1x =
∫
(0,∞)
e−λtTtxdt (x ∈ X,λ > 0),
(d) A is sequentially closed,
(e) for all x ∈ X one has lim
λ→∞
λ(λ −A)−1x = x.
Remark 3.4.
(a) Note that compared to [13], we only assume local sequential equicontinuity
for (Tt). However, this does not affect the results and proofs.
(b) Unless we assume (Tt)t≥0 to be (sequentially) equicontinuous on the whole
of [0,∞), we cannot show that the resolvent family (λ(λ−A)−1)
λ>0
cor-
responding to (Tt) is (sequentially) equicontinuous. However, for ε > 0 the
rescaled resolvent family
(
λ(λ−A+ε)−1)
λ>0
corresponding to the (sequen-
tially) equicontinuous semigroup (e−εtTt)t≥0 is (sequentially) equicontinu-
ous.
4. Subordination for equicontinuous C0-Semigroups
We start with the definition of the class of functions in which we will plug in
the negative of a generator of a locally sequentially equicontinuous, equibounded
C0-semigroup in order to get a new generator.
Definition 4.1 (Bernstein function). Let f : (0,∞) → [0,∞). Then f is called
Bernstein function provided f ∈ C∞(0,∞) and (−1)k−1f (k) ≥ 0 for all k ∈ N.
Bernstein functions appear in a vast number of fields such as probability theory,
harmonic analysis, complex analysis and operator theory under different names,
e.g. Laplace exponents, negative definite functions or Pick, Nevanlinna or Herglotz
functions (complete Bernstein functions, cf. [34]). They allow for a very useful
representation formula in terms of measures.
Proposition 4.2 ([34, Theorem 3.2]). Let f : (0,∞) → [0,∞). The following are
equivalent.
(a) f is a Bernstein function.
(b) There exist constants a, b ≥ 0 and a Radon measure µ on (0,∞) satisfying∫
(0,∞)
1 ∧ t µ(dt) <∞ such that
(1) f(λ) = a+ bλ+
∫
(0,∞)
(
1− e−λt)µ(dt) (λ > 0).
The representation of f in (1) is called Lévy-Khintchine representation. The two
numbers a, b and the measure µ in the Lévy-Khintchine representation determine
f uniquely and are called Lévy triplet for f which we will denote by (a, b, µ).
Every Bernstein function admits a continuous extension to [0,∞) since by apply-
ing dominated convergence to the representation formula (1) one gets f(0+) = a.
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Example 4.3. Let α ∈ (0, 1) and f : (0,∞) → [0,∞) be defined by f(x) := xα
for all x > 0. Then f is a Bernstein function with Lévy triplet (0, 0, µ), where for
measurable sets A ⊆ (0,∞) we have
µ(A) :=
−1
Γ(−α)
∫
A
t−1−α dt.
Hence,
xα =
1
Γ(−α)
∫
(0,∞)
(
e−xt − 1)t−1−αdt.
Let us now turn to a concept closely related to Bernstein functions.
Definition 4.4. Let (µt)t≥0 be a family of Radon measures on [0,∞), µ a Radon
measure on [0,∞). Then (µt) is called
(a) a family of sub-probability measures if ∀t ∈ [0,∞) : µt
(
[0,∞)) ≤ 1,
(b) convolution semigroup if µ0 = δ0 and ∀s, t ∈ [0,∞) : µt ∗ µs = µt+s,
(c) vaguely continuous at s ∈ [0,∞) with limit µ if
∀f ∈ Cc[0,∞) : lim
t→s
∫
[0,∞)
f(λ)µt(dλ) =
∫
[0,∞)
f(λ)µ(dλ).
Remark 4.5.
(a) A family (µt) of sub-probability measures which is vaguely continuous at 0
with limit δ0 is also weakly continuous at 0, i.e. (c) in Definition 4.4 actually
holds for all f ∈ Cb[0,∞). In order to see this choose f ∈ Cc[0,∞) such
that 0 ≤ f ≤ 1 and f = 1 in a neighbourhood of 0. Then
1 ≥ µt
(
[0,∞)) ≥ ∫
[0,∞)
f(λ)µt(dλ)→ f(0) = 1 as t→ 0+,
i.e. µt
(
[0,∞)) → 1. By [34, Theorem A.4] this implies weak continuity at
0.
(b) Let (µt) be a bounded convolution semigroup which is vaguely continuous
at 0. Then (µt) is vaguely continuous at every point t ≥ 0. Indeed, we can
define a bounded semigroup via
(Ttf)(x) :=
∫
[0,∞)
f(x+ s)µt(ds) (x ∈ [0,∞), f ∈ C0[0,∞))
on the Banach space C0[0,∞) = Cc[0,∞). We claim that (Tt) is weakly
continuous, which is equivalent to strong continuity; cf. [11, Theorem I.5.8].
Then vague continuity of (µt) follows since δ0 ∈ C0[0,∞)′. First, note that
if Y is a Banach space, r > 0 and g : [0, r] → Y is bounded and weakly
right-continuous, then by Pettis’ measurability theorem [30, Theorem 1.1]
g is Pettis-integrable w.r.t. the Lebesgue measure. Let f ∈ C0[0,∞). By
the semigroup property of (µt) and the vague continuity at 0 it is easy to
see that (Ttf)t∈[0,1] is weakly right-continuous. Moreover, boundedness of
(µt) yields boundedness of (Tt)t≥0. Hence, for r ∈ [0, 1] the Pettis-integral∫
[0,r]
Ttf dt
exists. Let
D :=
{1
r
∫
[0,r]
Ttf dt
∣∣∣ f ∈ C0[0,∞), r ∈ (0, 1]}.
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Since t 7→ Ttf is weakly right-continuous, by Remark 2.4 we obtain that
1
r
∫
[0,r]
Ttf dt→ f weakly as r→ 0+. Hence, D is weakly dense in C0[0,∞).
Let E := {f ∈ C0[0,∞) | Ttf → f (t→ 0+)}. Then a standard calculation
yieldsD ⊆ E, so also E is weakly dense. Since E is convex, Mazur’s theorem
yields that E is dense in C0[0,∞). Since (Tt) is bounded, (Tt) is strongly
continuous.
Every Bernstein function is naturally associated to a family (µt)t≥0 of subprob-
ability measures which form a vaguely (and hence weakly) continuous convolution
semigroup and vice versa.
Proposition 4.6 ([34, Theorem 5.2]). Let (µt)t≥0 be a vaguely continuous convo-
lution semigroup of sub-probability measures on [0,∞). Then there exists a unique
Bernstein function f such that for all t ≥ 0 the Laplace transform of µt is given by
L(µt) = e−tf .
Conversely, given any Bernstein function f , there exists a unique vaguely continu-
ous convolution semigroup (µt) of sub-probability measures on [0,∞) such that the
above equation holds.
By the above proposition we obtain that the sub-probability measures µt are
probability measures if and only if f(0+) = 0, since
(2) µt
(
[0,∞)) = lim
λ→0+
∫
[0,∞)
e−λsµt(ds) = lim
λ→0+
e−tf(λ) = e−tf(0+).
Example 4.7. Let α ∈ (0, 1) and f : (0,∞) → [0,∞) be defined by f(x) := xα
for all x > 0. Then for t > 0 the measure µt has a density gt w.r.t. the Lebesgue
measure given by
gt(s) =
1
2pii
∫
γΘ
e−tw
α
eswdw (s > 0),
where γΘ = γ
+
Θ ∪ γ−Θ is parametrised by
γ−Θ (r) := −re−iΘ (r ∈ (−∞, 0)), γ+Θ(r) := reiΘ (r ∈ (0,∞))
and Θ ∈ [pi/2, pi].
Re
Im
Θ
Θ
γ−Θ
γ+Θ
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For α = 12 one can explicitely calculate the integral and finds (see [38, p. 259-268]
for details)
gt(s) =
te−t
2/(4s)
2
√
pis3/2
(s > 0).
Recall that a family (µt)t∈I of sub-probability measures on [0,∞), where I ⊆
[0,∞), is called uniformly tight if for all ε > 0 there exists K ⊆ [0,∞) compact
such that
sup
t∈I
µt
(
[0,∞) \K) ≤ ε.
Lemma 4.8. Let (µt)t≥0 a weakly continuous family of sub-probability measures
on [0,∞) and J ⊆ [0,∞) be compact. Then the sub-family (µt)t∈J is uniformly
tight.
Proof. This is just a direct application of Prohorov’s theorem [3, Theorem 8.6.2]
for which we need to show the existence of a weakly convergent subsequence in a
given sequence (µtn). But this follows from the fact that the mapping t 7→ µt is
continuous with respect to the weak topology of measures and the compactness of
J . 
Analogously to the case of bounded C0-semigroups on Banach spaces (see [34,
Proposition 13.1]) we can construct a new locally sequentially equicontinuous, equi-
bounded C0-semigroup from an existing one using a vaguely continuous semigroup
(µt) of sub-probability measures.
Proposition 4.9. Let X be a sequentially complete Hausdorff locally convex space,
(Tt) be a (locally) sequentially equicontinuous, equibounded C0-semigroup on X and
(µt) be a vaguely continuous convolution semigroup of sub-probability measures. For
t ≥ 0 define St : X → X by
(3) Stx :=
∫
[0,∞)
Tsxµt(ds) (x ∈ X).
Then (St) is a (locally) sequentially equicontinuous, equibounded C0-semigroup on
X.
We will call (St) the subordinated semigroup to (Tt) w.r.t. f , where f is the
Bernstein function associated to (µt).
Proof. Let t ≥ 0 and (‖·‖p)p∈P the family of seminorms generating the topology of
X . By Lemma 2.3 and equiboundedness and strong continuity of (Tt) the above
integral exists. The linearity of St is clear. To show equiboundedness of (St), for a
bounded set B ⊆ X and a seminorm ‖·‖p we observe
sup
x∈B
t∈[0,∞)
‖Stx‖p ≤ sup
x∈B
s∈[0,∞)
‖Tsx‖p .
Since (Tt) is equibounded, so is (St). The semigroup property of (St) is inherited
from the semigroup property of (µt) and of (Tt). Indeed, let s, t ≥ 0. For x ∈ X ,
x′ ∈ X ′ we have
〈x′, StSsx〉 =
∫
[0,∞)
∫
[0,∞)
〈x′, TuTvx〉µs(du)µt(dv)
=
∫
[0,∞)
∫
[0,∞)
〈x′, Tu+vx〉µs(du)µt(dv) =
∫
[0,∞)
〈x′, Twx〉µs ∗ µt(dw)
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=
∫
[0,∞)
〈x′, Twx〉µs+t(dw) = 〈x′, St+sx〉.
For the strong continuity of (St) let x ∈ X . For p ∈ P we estimate
‖Stx− x‖p ≤
∫
[0,∞)
‖Tsx− x‖p µt(ds) +
(
1− µt
(
[0,∞))) ‖x‖p → 0,
since [s 7→ ‖Tsx− x‖p] ∈ Cb[0,∞) with value 0 at 0 and µt → δ0 weakly.
It remains to show that (St) is (locally) sequentially equicontinuous. Let (xn)
in X such that xn → 0. Let t0 > 0 and p ∈ P a seminorm. Let ε > 0. By Remark
4.5 (µt) is weakly continuous. Hence, by Lemma 4.8 and equiboundedness of T we
can choose s0 ≥ 0 such that
sup
t∈[0,t0]
µt
(
[s0,∞)
) · sup
n∈N
s∈[0,∞)
‖Tsxn‖p ≤
ε
2
.
By virtue of the local sequential equicontinuity of (Ts) there exists n0 ∈ N such
that
sup
s∈[0,s0]
‖Tsxn‖p ≤
ε
2
for all n ≥ n0. Hence, for n ≥ n0 we obtain
sup
t∈[0,t0]
‖Stxn‖p ≤ sup
t∈[0,t0]
∫
[0,∞)
‖Tsxn‖p µt(ds)
≤ sup
t∈[0,t0]
∫
[0,s0]
‖Tsxn‖p µt(ds) + sup
t∈[0,t0]
∫
(s0,∞)
‖Tsxn‖p µt(ds)
≤ ε
2
+
ε
2
= ε.
In case (Ts) is even equicontinuous we may directly choose n0 such that
sup
s∈[0,∞)
‖Tsxn‖p ≤ ε
holds for n ≥ n0. Hence, it follows that
sup
t∈[0,∞)
‖Stxn‖p ≤ sup
t∈[0,∞)
∫
[0,∞)
‖Tsxn‖p µt(ds) ≤ ε
which finishes the proof. 
Definition 4.10. Let X be a sequentially complete Hausdorff locally convex space,
(Tt) a (locally) sequentially equicontinuous, equibounded C0-semigroup on X with
generator A and f a Bernstein function. Then we will denote the generator of the
subordinated semigroup (St) by A
f .
Our next goal is to represent the generator Af of a subordinated semigroup (St)
for a given Bernstein function f as it was performed in [34, Eq. (13.10)] for Banach
spaces. We need some preparation.
Proposition 4.11. Let X be a sequentially complete Hausdorff locally convex space,
(Tt) a locally sequentially equicontinuous, equibounded C0-semigroup on X with
generator A, f a Bernstein function with Lévy triplet (a, b, µ), x ∈ D(A). Then
(0,∞) ∋ s 7→ Tsx− x ∈ X
is µ-Pettis-integrable.
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Proof. Since x ∈ D(A), the mapping s 7→ Tsx is differentiable and
d
ds
Tsx = ATsx = TsAx (s > 0),
see Lemma 3.3. Hence,
Ttx− x =
∫
(0,t)
ATsxds (t ≥ 0)
and thus for every x′ ∈ X ′ there is a continuous seminorm ‖·‖p (remember we
assumed the family of seminorms to be directed) and a constant C > 0 such that
|〈x′, Ttx− x〉| ≤ C ‖Ttx− x‖p ≤ C
(
sup
s∈[0,∞)
‖TsAx‖p · t
)
∧
(
sup
s∈[0,∞)
‖Tsx‖p + ‖x‖p
)
for all t ≥ 0. Hence, s 7→ Tsx−x is µ-weakly integrable by Proposition 4.2. Further,
by Theorem 2.2 we know that the function is integrable over every compact subset
C ⊆ (0,∞). Now we adapt the argument of the proof of Lemma 2.3 by considering
the sequences (yn) and (zn) defined by
yn :=
∫
[ 1
n
,r]
(Tsx− x)µ(ds), zn :=
∫
[r,n]
(Tsx− x)µ(ds),
where r > 0 is a point of continuity of the measure µ, i.e. µ({r}) = 0. As before
one shows that both (yn) and (zn) are Cauchy sequences in X . Let their limits be
denoted by y and z, respectively. Since
yn + zn =
∫
[ 1
n
,n]
(Tsx− x)µ(ds) (n ∈ N),
we thus obtain
z + y =
∫
(0,∞)
(Tsx− x)µ(ds). 
Lemma 4.12. Let X be a sequentially complete Hausdorff locally convex space,
(Tt)t≥0 a locally sequentially equicontinuous, equibounded C0-semigroup on X with
generator A, f a Bernstein function, (St) the subordinated semigroup to (Tt) w.r.t.
f . Then both (St)t≥0 and
(
λ(λ−Af )−1)
λ>0
leave D(A) invariant and the operators
of both families commute with A (on D(A)) and with the operators of (Tt).
Proof. The argument is the same as for the usual Banach space case. Let (µt) be
the family of measures associated to f according to Proposition 4.6. Let x ∈ D(A).
For t ≥ 0 we have
Stx =
∫
[0,∞)
Tsxµt(ds) = lim
n→∞
∫
[0,n]
Tsxµt(ds)
by Lemma 2.3. For n ∈ N we can approximate ∫
[0,n]
Tsxµt(ds) by (finite) Riemann
sums which belong to D(A). Since A is sequentially closed, also ∫
[0,n]
Tsxµt(ds) ∈
D(A) and therefore Stx ∈ D(A).
Let s, t ≥ 0. We now show that St commutes with Ts. Then St also commutes
with A on D(A) since St is sequentially continuous by Proposition 4.9. Let x ∈ X .
By Lemma 2.3 and sequential continuity of Ts we obtain
TsStx = Ts
∫
[0,∞)
Trxµt(dr) = Ts lim
n→∞
∫
[0,n]
Trxµt(dr) = lim
n→∞
Ts
∫
[0,n]
Trxµt(dr).
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Approximating
∫
[0,n] Trxµt(dr) by (finite) Riemann sums, using the sequential con-
tinuity of Ts, and taking into account the semigroup law for (Ts), we conclude
TsStx = lim
n→∞
Ts
∫
[0,n]
Trxµt(dr) = lim
n→∞
∫
[0,n]
TrTsxµt(dr) = StTsx
again by Lemma 2.3.
Let λ > 0. By Lemma 3.3 we have
λ(λ −Af )−1x = λ
∫
(0,∞)
e−λtStxdt (x ∈ X).
Thus, the claims for λ(λ−Af )−1 follow from the claims for (St) by approximating
the integral by integrals over compact subsets and then by finite Riemann sums and
taking into account the sequential closedness of A and of the operators Tt (which
for them follows from sequential continuity). 
From now on, we will change the sign for the generators of semigroups.
Definition 4.13. Let X be a sequentially complete Hausdorff locally convex space,
(Tt) be a locally sequentially equicontinuous, equibounded C0-semigroup on X with
generator −A, f be a Bernstein function with Lévy-Khintchine representation
f(λ) = a+ bλ+
∫
(0,∞)
(
1− e−λt)µ(dt) (λ > 0).
We define the linear operator f(A) in X by
D(f(A)) := D(A),
f(A)x := a+ bAx+
∫
(0,∞)
(x− Ttx)µ(dt) (x ∈ D(f(A))).
Theorem 4.14. Let X be a sequentially complete Hausdorff locally convex space,
(Tt) be a locally sequentially equicontinuous, equibounded C0-semigroup on X with
generator −A, f be a Bernstein function, −Af the generator the subordinated semi-
group (St) to (Tt) w.r.t. f . Then D(A) ⊆ D(Af ) and Af
∣∣
D(A)
= f(A).
Remark 4.15. For Banach spaces X this result is due to Phillips [31].
Proof. We adapt the proof of [34, Theorem 13.6] to our context. Let (a, b, µ) be
the Lévy triplet for f , and (µt) the associated family of measures.
(i) Let us first assume that f(0+) = a = 0, i.e. (µt) is actually a family of
probability measures. Then by Proposition 4.6
fn(λ) :=
∫
(0,∞)
(1− e−λs)nµ 1
n
(ds) =
1− e− 1n f(λ)
1
n
→ f(λ) as n→∞,
for all λ > 0, i.e. (fn) is a sequence of Bernstein functions converging pointwise to
f . By [34, Corollary 3.9] we have
lim
n→∞
nµ 1
n
= µ vaguely on (0,∞),(4)
lim
C→∞
µ({C})=0
lim
n→∞
nµ 1
n
(
[C,∞)) = 0,(5)
lim
c→0+
µ({c})=0
lim
n→∞
∫
[0,c)
t nµ 1
n
(dt) = b.
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Let x ∈ D(A), x′ ∈ X ′. Let c, C > 0 such that µ({c, C}) = 0, i.e. c and C are points
of continuity. Then nµ 1
n
|[c,C) → µ|[c,C) weakly since vague convergence implies
µ
(
[c, C)
)
= µ
(
(c, C)
) ≤ lim inf
n→∞
nµ 1
n
(
[c, C)
)
≤ lim sup
n→∞
nµ 1
n
(
[c, C)
) ≤ µ([c, C]) = µ([c, C)).
Now weak convergence follows from [34, Theorem A.4]. Hence, since [t 7→ 〈x′, x −
Ttx〉] ∈ Cb[c, C), one has
lim
n→∞
∫
[c,C)
〈x′, x− Ttx〉nµ 1
n
(dt) =
∫
[c,C)
〈x′, x− Ttx〉µ(dt).
By dominated convergence, we obtain
lim
c→0+
C→∞
µ({c,C})=0
lim
n→∞
∫
[c,C)
〈x′, x− Ttx〉nµ 1
n
(dt) =
∫
(0,∞)
〈x′, x− Ttx〉µ(dt).
By Lemma 3.3, for c > 0 we have∫
[0,c)
〈x′, x− Ttx〉nµ 1
n
(dt) =
∫
[0,c)
∫
(0,t)
〈x′, TsAx−Ax〉ds nµ 1
n
(dt)
+
∫
[0,c)
t〈x′, Ax〉nµ 1
n
(dt).
Note that [0, c) ∋ t 7→ ∫
(0,t)
〈x′, TsAx − Ax〉ds is continuous and bounded, and
takes the value 0 at t = 0. Moreover, the sequence
(∫
(0,·)
〈x′, TsAx−Ax〉ds nµ 1
n
)
n
,
interpreted as measures on [0, c), is bounded and converges vaguely to the (finite)
measure
∫
(0,·)
〈x′, TsAx−Ax〉ds µ on (0, c), which does not charge {0}. If µ({c}) =
0, we thus obtain that the convergence is even weakly. Hence, for such c we have
lim
n→∞
∫
[0,c)
∫
(0,t)
〈x′, TsAx−Ax〉ds nµ 1
n
(dt) =
∫
[0,c)
∫
(0,t)
〈x′, TsAx−Ax〉dsµ(dt),
and therefore
lim
c→0+
µ({c})=0
lim
n→∞
∫
[0,c)
∫
(0,t)
〈x′, TsAx−Ax〉ds nµ 1
n
(dt) = 0.
Moreover,
lim
c→0+
µ({c})=0
lim
n→∞
∫
[0,c)
t〈x′, Ax〉nµ 1
n
(dt) = b 〈x′, Ax〉
by (6). Hence,
lim
c→0+
µ({c})=0
lim
n→∞
∫
[0,c)
〈x′, x− Ttx〉nµ 1
n
(dt) = b 〈x′, Ax〉.
Moreover, since (Tt) is equibounded, by (5) we obtain
lim
C→∞
µ({C})=0
lim
n→∞
∫
[C,∞)
〈x′, x− Tsx〉nµ 1
n
(ds) = 0.
Hence,
〈x′, f(A)x〉 =
〈
x′, bAx+
∫
(0,∞)
(x− Ttx)µ(dt)
〉
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= lim
c→0+
µ({c})=0
lim
n→∞
∫
[0,c)
〈x′, x− Ttx〉nµ 1
n
(dt)
+ lim
c→0+
C→∞
µ({c,C})=0
lim
n→∞
∫
[c,C)
〈x′, x− Ttx〉nµ 1
n
(dt)
+ lim
C→∞
µ({C})=0
lim
n→∞
∫
[C,∞)
〈x′, x− Ttx〉nµ 1
n
(dt)
= lim
c→0+
C→∞
µ({c,C})=0
lim
n→∞
∫
[0,∞)
〈x′, x− Ttx〉nµ 1
n
(dt)
= lim
n→∞
〈x′, n(x− S 1
n
x)〉.
For λ > 0 let xλ := λ(λ + A
f )−1x. We now apply Lemma 4.12 multiple times.
Then, on the one hand, xλ ∈ D(Af ) ∩ D(A), and moreover (approximating the
integral by integrals over compacts and then by finite Riemann sums again)
〈x′, λ(λ+Af )−1f(A)x〉 =
〈
x′, bAxλ +
∫
(0,∞)
(xλ − Ttxλ)µ(dt)
〉
= lim
n→∞
〈x′, n(xλ − S 1
n
xλ)〉 = 〈x′, Afxλ〉.
Since this holds true for all x′ ∈ X ′, we obtain
λ(λ+Af )−1f(A)x = Afxλ.
By Lemma 3.3 we have λ(λ +Af )−1 → I strongly as λ→∞. Since Af is sequen-
tially closed by Lemma 3.3, we thus obtain x ∈ D(Af ) and Afx = f(A)x.
(ii) For the general case f(0+) = a ≥ 0 consider h := f − a. Then h is a
Bernstein function with h(0+) = 0. Let (νt) be the associated family of sub-
probability measures. Then (µt) given by µt = e
−taνt (t ≥ 0) is the family of
measures associated to f . Thus, for t ≥ 0 and x ∈ X we have
Sft x =
∫
[0,∞)
Tsxµt(ds) =
∫
[0,∞)
Tsx e
−taνt(ds) = e
−taSht x,
i.e. (Sft ) is a rescaling of (S
h
t ). Analogously to the case of C0-semigroups on Banach
spaces one proves that then −Af = −Ah − a. Thus the general case follows from
(i). 
Remark 4.16. In the above proof, we first showed that x ∈ D(A) belongs to the
weak generator of (St), and then did a regularisation by resolvents to obtain the
result. If (St) is continuous (and not just sequentially continuous), we can directly
conclude that (x,Ax) belongs to the weak closure of Af which coincides with Af
since Af is closed.
Corollary 4.17. Let X be a sequentially complete Hausdorff locally convex space,
(Tt) a locally sequentially equicontinuous, equibounded C0-semigroup on X with gen-
erator −A, f a Bernstein function, −Af the generator of the subordinated semi-
group (St) to (Tt) w.r.t. f . Then f(A) is (sequentially) closable in X and the
sequential closure of f(A) equals Af .
Proof. By Lemma 3.3 D(A) is sequentially dense in X , by Theorem 4.14 we have
D(A) ⊆ D(Af ) and by Lemma 4.12 it is invariant under (St). Thus, as in the case
of C0-semigroups on Banach spaces we conclude that D(A) is a ‘sequential core’
for Af , i.e. the sequential closure of Af |D(A) equals Af (see e.g. [1, Proposition
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1.14] for the case of C0-semigroups on Banach spaces). Since A
f |D(A) = f(A) by
Theorem 4.14, we obtain the assertion. 
5. Application: Bi-continuous Semigroups
In this section let X be a Banach space with norm-topology τ‖·‖.
Definition 5.1. Let (Tt) in L(X) be a semigroup on X and τ a Hausdorff locally
convex topology on X . We say that (Tt) is (locally) bi-continuous (w.r.t. τ) if
(a) τ ⊆ τ‖·‖, (X, τ) is sequentially complete on ‖·‖-bounded sets and (X, τ)′ ⊆
(X, τ‖·‖)
′ is norming for X ,
(b) there exists M ≥ 1, ω ∈ R such that ‖Tt‖ ≤Meωt for all t ≥ 0,
(c) (Tt) is a C0-semigroup in (X, τ),
(d) for every sequence (xn) in X , x ∈ X with sup
n∈N
‖xn‖ <∞ and τ - lim
n→∞
xn = x
we have
τ - lim
n→∞
Tt(xn − x) = 0
(locally) uniformly for t ∈ [0,∞).
We say that a bi-continuous semigroup is uniformly bounded if supt≥0 ‖Tt‖ <∞.
Remark 5.2. The notion of bi-continuous semigroups first appeared in [24], see
also [25, Definition 3].
First, we study bi-continuous semigroups. In order to do this, we need some
preparation.
Remark 5.3. Given any locally convex topology τ coarser than τ‖·‖ one can con-
struct a locally convex topology γ := γ(τ, τ‖·‖), called mixed topology [37], such
that τ ⊆ γ ⊆ τ‖·‖.
Example 5.4. Let X := Cb(R
n) with supremum norm ‖·‖∞, τco the compact-open
topology, i.e. the topology of uniform convergence on compact subsets of Rn, and
γ the mixed topology determined by τ‖·‖∞ and τco as in [37, Section 2.1]. Every
g ∈ C0(Rn) determines a seminorm ‖·‖g generating the topology γ via ‖f‖g =
supx∈Rn |g(x)f(x)| for f ∈ Cb(Rn) ([35, Theorem 2.3, 2.4]).
The topology generated by the seminorms ‖f‖g, g ∈ C0(Rn), on Cb(Rn) was
introduced under the name strict topology in [5, Definition, p. 97] and the example
shows that the strict topology is indeed a mixed topology (cf. [7, Proposition 3]).
Lemma 5.5. Let X be a Banach space with norm-topology τ‖·‖, τ ⊆ τ‖·‖ a Haus-
dorff locally convex topology on X such that (X, τ)′ is norming for X (with norm-
topology), γ := γ(τ, τ‖·‖) the mixed topology. Then the following holds.
(a) (X, γ)′ is norming for X.
(b) (X, τ) is sequentially complete on ‖·‖-bounded sets if and only if (X, γ) is
sequentially complete.
Proof.
(a) This is clear since τ ⊆ γ, so (X, τ)′ ⊆ (X, γ)′.
(b) First, we remark that the norming property guarantees that condition (d) of
[37, Theorem 2.3.1]) and [37, Corollary 2.3.2] is fulfilled. By [37, Corollary
2.3.2] (xn) is a Cauchy sequence in (X, γ) if and only if (xn) is a Cauchy
sequence in (X, τ) and (xn) is ‖·‖-bounded, and [37, Theorem 2.3.1] yields
that (xn) is convergent in (X, γ) if and only if (xn) is convergent in (X, τ)
and (xn) is ‖·‖-bounded. Thus, the assertion follows. 
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Let us recall the concept of a sequential space (see [14, Proposition 1.1], [12, p.
53]). A subset A of a topological space (X, τ) is called sequentially closed if for
every sequence (xn) in X converging to a point x ∈ X the point x is already in
A. A subset U of (X, τ) is called sequentially open if every sequence (xn) in X
converging to a point x ∈ U is eventually in U . A topological space (X, τ) is called
a sequential space if each sequentially closed subset of X is closed. Equivalently,
(X, τ) is a sequential space if and only if each sequentially open subset of X is open.
In particular, all first countable spaces are sequential spaces [12, Theorem 1.6.14]
as well as all Montel (DF)-spaces [21, Theorem 4.6] like the space of tempered
distributions or the space of distributions with compact support with the strong
dual topology.
Proposition 5.6. Let X be a Banach space with norm-topology τ‖·‖ and τ ⊆ τ‖·‖
a locally convex Hausdorff topology on X such that τ is metrisable on the ‖·‖-unit
ball. Then (X, γ) is a sequential space where γ := γ(τ, τ‖·‖) is the mixed topology.
Proof. Let Y be any topological vector space and f : (X, γ) → Y any linear se-
quentially continuous map. It follows from [8, Section I.1, Proposition 1.9] that f is
even continuous. We conclude that (X, γ) is a sequential space by [20, Proposition
2.6]. 
In particular, Proposition 5.6 is applicable if (X, τ) is metrisable, and implies
[23, Theorem 7.2 (c)]. If (X, γ) is even metrisable or equivalently first countable [39,
Proposition 1.1.11 (ii)], then we are in the uninteresting situation that γ = τ‖·‖ by
[8, Section I.1, Proposition 1.15]. However, X = Cb(R
n) with the mixed (=strict)
topology from Example 5.4 is a sequential space by Proposition 5.6 which is not
metrisable (not even bornological or barrelled) since the strict topology does not
coincide with norm-topology (cf. [8, Section II.1, Proposition 1.2 5)]).
Proposition 5.7. Let X be a Banach space with norm-topology τ‖·‖ and τ ⊆ τ‖·‖
a locally convex Hausdorff topology such that (X, τ)′ is norming and (X, τ) is a
sequentially complete sequential space. Then τ = γ(τ, τ‖·‖), i.e. further mixing does
not extend the topology.
Proof. Denote γ := γ(τ, τ‖·‖). From [37, Lemma 2.1.1 (3)] (condition n there is
satisfied) one gets τ ⊆ γ. The other inclusion will be proved by contradiction. Let
us assume that there is U ∈ γ such that U /∈ τ . Since (X, τ) is a sequential space,
we deduce that U is not sequentially open, i.e. there are a sequence (xn) in X and
x0 ∈ U such that xn → x0 w.r.t. τ but (xn) is not eventually in U . The sequence
(xn) cannot be ‖·‖-bounded otherwise it would follow that xn → x0 w.r.t. γ by
[37, Theorem 2.3.1] (the norming property implies condition (d) of [37, Theorem
2.3.1]) and thus that (xn) is eventually in U ∈ γ. Therefore, (xn) is ‖·‖-unbounded.
W.l.o.g. we assume
∀n ∈ N : ‖xn‖ > n
and that x0 = 0 and all xn are distinct from each other. By the norming property
for n ∈ N there exists a τ -continuous functional fn in the unit sphere of the dual
space such that |〈fn, xn〉| > n. The sets {〈fn, x〉 | n ∈ N} are bounded by ‖x‖ for
every x ∈ X . Further, the set K := {xn | n ∈ N} ∪ {0} is compact w.r.t. τ since
the sequence (xn) is convergent to 0. The topology on K is metrisable as image of
the continuous map
g :
{
1
n | n ∈ N
} ∪ {0} ∋ x 7→ g(x) :=
{
xn , x =
1
n ,
0 , x = 0,
where the domain is equipped with the standard metric ([4, Chapter IX, § 2.10,
Proposition 17]). Using [36, Remark 4.1.b] we know that cxK is compact and
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convex. By a variant of the uniform boundedness principle [32, Theorem 2.9] we
obtain the boundedness of
⋃
n∈N fn(cxK). In particular, (〈fn, xn〉) is bounded
contradicting |〈fn, xn〉| → ∞. 
We remark that the condition of sequential completeness of (X, τ) in the preced-
ing proposition can be weakened to the metric convex compactness property since
we only need the compactness of cxK.
Corollary 5.8. Let X be a Banach space with norm-topology τ‖·‖, τ ⊆ τ‖·‖ a locally
convex Hausdorff topology such that (X, τ)′ is norming and (X, τ) is a sequentially
complete sequential space. Then B ⊆ X is bounded in (X, τ) if and only if B is
bounded in (X, τ‖·‖).
Proof. That bounded sets in the Banach space are τ -bounded follows from the fact
that τ‖·‖ is finer than τ . The other inclusion follows from Proposition 5.7 and [37,
Proposition 2.4.1]. 
Proposition 5.9. Let X be a Banach space with norm topology τ‖·‖, τ ⊆ τ‖·‖ a
Hausdorff locally convex topology, γ := γ(τ, τ‖·‖) the mixed topology, (Tt) a semi-
group in L(X).
(a) Let (Tt) be (locally) bi-continuous semigroup w.r.t. τ . Then (X, γ) is sequen-
tially complete, (X, γ)′ is norming for X and (Tt) is a (locally) sequentially
equicontinuous C0-semigroup on (X, γ).
(b) Let (X, τ) be a sequentially complete sequential space, (X, τ)′ norming for
X and (Tt) a (locally) sequentially equicontinuous C0-semigroup on (X, τ).
Then τ = γ and (Tt) is a (locally) bi-continuous semigroup w.r.t. τ .
Proof.
(a) By Lemma 5.5, (X, γ) is sequentially complete and (X, γ)′ is norming for
X . By [37, Theorem 2.3.1] and properties (b) and (d) in the definition of
(local) bi-continuity, (Tt) is (locally) sequentially equicontinuous on (X, γ).
Let x ∈ X , (tn) in [0,∞), tn → 0. Then by (b), (Ttnx)n is bounded and
Ttnx→ x in (X, τ). By [37, Theorem 2.3.1], Ttnx→ x in (X, γ). Thus, (Tt)
is a C0-semigroup on (X, γ).
(b) Due to Proposition 5.7 we have τ = γ. Next, we only have to show (b)
and (d) in the definition of (local) bi-continuity. Clearly, (local) sequential
equicontinuity implies (d), and (b) is a consequence of Corollary 5.8 and
[13, Proposition 3.15 (ii)]. 
Remark 5.10. The main difference between bi-continuous and C0-semigroups in
Banach spaces is the densely defined generator. In fact, generators of bi-continuous
semigroups are Hille-Yosida operators by [25, Proposition 10] while densely defined
Hille-Yosida operators are precisely the generators of C0-semigroups. Hence, the
entire theory is only of interest in non-reflexive Banach spaces since all sectorial
operators, and especially Hille-Yosida operators, in reflexive Banach spaces are
densely defined.
Lemma 5.11. Let X be a Banach space with norm-topology τ‖·‖, τ ⊆ τ‖·‖ a Haus-
dorff locally convex topology on X such that (X, τ)′ ⊆ (X, τ‖·‖)′ is norming for
X and (X, τ) is a sequentially complete sequential space. Let (Tt) be a locally
bi-continuous semigroup. Then (Tt) is uniformly bounded if and only if (Tt) is
equibounded on (X, τ).
Proof. Let B := {Ttx ∈ X | x ∈ X, ‖x‖ ≤ 1, t ≥ 0}. Then (Tt) is uniformly
bounded if and only if B is bounded in (X, τ‖·‖). By Corollary 5.8, this is equivalent
to boundedness of B in (X, τ), which in turn is equivalent to equiboundedness of
(Tt). 
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We can now combine Proposition 4.9 and Corollary 4.17 to easily obtain the
following.
Theorem 5.12. Let X be a Banach space with norm-topology τ‖·‖, τ ⊆ τ‖·‖ a
Hausdorff locally convex topology on X such that (X, τ)′ ⊆ (X, τ‖·‖)′ is norming for
X and (X, γ) is a sequential space where γ := γ(τ, τ‖·‖) is the mixed topology. Let
(Tt) be a uniformly bounded (locally) bi-continuous semigroup on X w.r.t. τ with
generator −A and f a Bernstein function. Then the subordinated semigroup (St)
to (Tt) w.r.t. f is uniformly bounded and (locally) bi-continuous w.r.t. τ as well
and its generator is given by the sequential closure of f(A).
Proof. Let us first show that (St) is uniformly bounded and (locally) bi-continuous.
First, we apply Proposition 5.9 a) and obtain that (Tt) is a uniformly bounded (lo-
cally) sequentially equicontinuous C0-semigroup on (X, γ), (X, γ) is sequentially
complete and (X, γ)′ norming for X . Since (X, γ) is a sequential space, an appli-
cation of Proposition 5.9 b) yields that (Tt) is a uniformly bounded (locally) bi-
continuous semigroup w.r.t. γ. From Lemma 5.11 we derive that (Tt) is equibounded
on (X, γ). Proposition 4.9 yields that (St) is a (locally) sequentially equicontinuous
and equibounded C0-semigroup on (X, γ). Another application of Proposition 5.9
b) and then of Lemma 5.11 provides that (St) is a uniformly bounded (locally)
bi-continuous semigroup w.r.t. γ and thus w.r.t. τ as well.
Let −Af be the generator of (St). By Corollary 4.17 we have that the sequential
closure of f(A) coincides with Af . 
Remark 5.13. If (Tt) is a bi-continuous semigroup with generator −A, but maybe
not uniformly bounded, one may be tempted to first rescale the semigroup, then
apply Theorem 5.12 and then rescale the subordinated semigroup again. If f is a
Bernstein function, then this procedure ends up with a generator being an extension
of −(f(A+ ω)− ω), where ω is the rescaling parameter.
Analytic semigroups ([11, 27]) provide a basic example for bi-continuous semi-
groups and the generators coincide.
Lemma 5.14. Let (Tt) be an analytic or C0-semigroup on a Banach space (X, τ‖·‖)
with generator −A which is at the same time bi-continuous w.r.t. the topology τ with
generator −A˜. Then A = A˜.
Proof. We write τ‖·‖-
∫
and τ -
∫
respectively in order to indicate w.r.t. which topo-
logy we integrate. Then A = A˜ holds since for x ∈ X one has
(1 +A)−1x = τ‖·‖-
∫
(0,∞)
e−tTtxdt = τ -
∫
(0,∞)
e−tTtxdt = (1 + A˜)
−1x,
where the last equality follows from Lemma 3.3. 
Example 5.15. Let X := Cb(R
n) with supremum norm ‖·‖∞, τco the compact-
open topology, i.e. the topology of uniform convergence on compact subsets of Rn.
Let k : (0,∞)×Rn → R,
k(t, x) := kt(x) :=
1
(4pit)n/2
e−
‖x‖2
(4t) (t > 0, x ∈ Rn)
be the Gauß-Weierstraß kernel. For t ≥ 0 define Tt ∈ L(X) by
Ttf :=
{
f , t = 0,
kt ∗ f , t > 0.
Then (Tt) is a uniformly bounded analytic semigroup with generator −A = ∆ on
the domain D(A) = {f ∈ Cb(Rn) | ∀p ≥ 1 : f ∈ W 2,ploc (Rn), ∆f ∈ Cb(Rn)} (for the
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case n ≥ 2; in case n = 1 we have D(A) = C2b(R)) in Cb(Rn); cf. [26, Propositions
2.3.1, 4.1.10]. It is locally bi-continuous w.r.t. τco ([24, Example 1.6]) and by
Lemma 5.14 its generator is the operator −A as introduced above. Let α ∈ (0, 1)
and f : (0,∞) → [0,∞) be defined by f(x) := xα for all x > 0. Let (St) be the
subordinated semigroup of (Tt) w.r.t. f . Then (St) is a uniformly bounded and
locally bi-continuous semigroup, and the generator of (St) is given by the sequential
closure of −f(A) = −(−∆)α, i.e. the fractional Laplacian in Cb(Rn), as introduced
in [28, Sections 1.4, 5.6].
Proof. We only need to prove the part on (St) which directly follows from Theorem
5.12 since (X, γ)′ with the mixed topology γ := γ(τco, τ‖·‖∞) is a sequential space
by Proposition 5.6. 
Further examples of semigroups (Tt) being strongly continuous for mixed topolo-
gies can be found e.g. in [16].
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